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Abstract. In this article, we follow Hida's approach to establish an analogue of Washington's theorem on 
the non- vanishing modulo p of Hecke L- values for CM fields with anticyclotomic twists 
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Introduction 

The purpose of this paper is to study the non- vanishing modulo p property of Hecke i-values for CM fields 
via arithmetic of Eisenstein series. Let J 7 be a totally real field of degree d over Q and JC be a totally imaginary 
quadratic extension of T . Let £ be a CM type of JC. Then we can attach the CM period iloo = (£l 00 . a )a £ 
(C x ) s to a Neron differential on an abelian scheme A/% of CM type (JC, £)■ Let p > 2 be a rational prime 



and let I ^ p be a rational prime and I be a prime of T above I. Let c be the nontrivial element in Gal(/C/J-"). 
We fix an arithmetic Hecke character x of JC X with infinity type k£ + k(1 — c), where fc is a positive integer 



and k = r^o-er with integers k ct > 0. For a multi-index k = Y^aes Ka(J ^ we wr ite O^, = and 



a™ = a£" K " for a e C x . 

Let /C[n be the ray class field of conductor P and let JCi^ = U n /Cpi. Let JC^o be the maximal pro-£ 
anticyclotomic extension of JC in /C[«> and let L _ = Gal(JC^ oa / JC) . Let XJ~ be the set of finite order characters 
of r _ . For every v £ X^, we consider the complex number 

r s (k£ + K)LW(0, X v) 

ill 

wheieT E (k£ + K) = U aeS T(k + k„). It is known that L a ^ l (0, X v) 6 Z (p) if p is uramified in T and prime to 
the conductor of x ■ We are interested in the non-vanishing property of £ alg ' [ (0, \v) modulo p when v varies 
in X7. To be precise, we fix two embeddings : Q <^-> C and i p : Q <-» C p once and for all and let m be the 
maximal ideal of Z( p ) induced by i p . We ask if the following non- vanishing modulo p property holds for (x, I). 

(NV) L^}(L al& - { (0, X v)) £ Omod m for almost all u G Xf . 

Here almost all means "except for finitely many v G Xj~" if diniQ 4 Fi = 1 and "Zariski dense subset of X^~" if 
dim Qf F[ > 1 (See |Hid04al p.737]). 

This problem has been studied extensively by Hida for general CM fields in [Hid04a] and |Hid07] under 
the hypothesis that £ is p-ordinary and by T. Finis in |Fin06| for imaginary quadratic fields under a different 
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hypothesis. Let tjq/jt be the quadratic character associated to IC/J- and T>^/jr be the different of IC/J-. Let 
£ be the conductor of \- The following theorem is proved by Hida in [Hid07j. 

Theorem. Suppose that S is p-ordinary and p > 2 is unramified in J- . If (pi, £) = 1 and £ is a product 
of split prime factors over T , then (NV) holds for (x, [) unless the following three conditions are satisfied 
simultaneously: 
(Ml) IC/J- is unramified everywhere, 

(M2) T/c/f(c) has value — 1, where c is the polarization ideal of A if,, 
(M3) For all ideal a of J 7 prime to p£, xNjr/q(a) = T K /jr(a) (mod m). 

We shall say x is residually self-dual if the condition (M3) holds for \- By [HidlOl Lemma 5.2], the 
hypotheses (Ml-3) is equivalent to the condition (V): x is residually self-dual, and the root number associated 
to x is congruent to —1 modulo m. 

We arc mainly concerned about the (NV) property of self-dual characters. Recall that x is self-dual if 
xIa x = t ic/J 7 \'\a^- Such characters are of its own interest because an important class of them arises from 
Hecke characters associated to CM abelian varieties over totally real fields (cf. |Shi98i Thm.20.15]). Note 
that as the conductor of self-dual characters by definition is divisible by ramified primes, these characters 
in general are not covered in Hida's theorem unless IC/J 7 is unramified. Our main motivation for the (NV) 
property of self-dual characters is the application to Iwasawa main conjecture for CM fields (cf. |Hid07| and 
[Hsillj ). In our subsequent work [Hsillj . this property is used to show the non- vanishing modulo p of the 
period integral of certain theta functions which is related to Fourier- Jacobi coefficients of Eisenstein series on 
unitary groups of degree three. When K, is an imaginary quadratic field and I splits in /C, the problem of the 
non- vanishing modulo p of Hecke L-values associated to self-dual characters has been solved completely by T. 
Finis in [Fin06j through direct study on the period integral of theta functions modulo p (self-dual characters 
are called anticyclotomic in [PTnOGj ) . 

We shall state our main result after preparing some notation. Write £ = £ + 3$K, where C + , 3 and *H are a 
product of split, inert and ramified prime factors over T respectively. Let v p be the p-adic valuation induced 
by i p . For each v\£~ , let fi p (xv) be the local invariant defined by 

Mp(Xu) : = inl v p(x(x) - 1). 

Note that fi p (xv) agrees with the one defined in |Fin06] when x is self-dual. Following Hida, we make the 
following hypotheses for (p, /C, S): 

(unr) p > 2 is unramified in T\ 

(ord) £ is p-ordinary. 

Our main result is as follows. 

Theorem A. Let x be a self-dual Hecke character of /C x such that 
( L ) (Jtp(Xv) = f or ever V 

_ i 

(R) The global root number W(x*) = 1, where x* xI'Ia 2 > 
(C) £K is square-free. 
In addition to (junrj), (|ordl) . we further assume 

• (p\,V K/r £) - 1, 

• [ splits in K,. 

Then (NV) holds for ( X ,l). 

Note that as x is self-dual, the assumption (R) is equivalent to Hida's condition (V). Indeed, the assumptions 
(L) and (R) are necessary for the (NV) property. The assumption (R) is due to the functional equation of the 
complex L-function L(s,x), and the failure of (NV) without (L) has been observed by Gillard (cf. [FinOB, 
Theorem 1.1]). We remark that our result in particular can be applied to Hecke characters attached to 
certain CM elliptic curves over totally real fields. For example, let E be an elliptic curve over T with CM 
by an imaginary quadratic field M.. Let /C = TM. and let x be the Hecke character of /C x such that 
L(s,x^ 1 ) = L(E/r,s). Then it is well known that the assumptions (L) and (C) hold if (P^/jr, #(0^)) = 1 
and p > 3. In general, (C) is expected to be unnecessary. The very reason we impose them is due to the 
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difficulty of the computation of certain Gauss sums Aa(x) = ^-fl(Xs)|s=o defined in (|4.f 4[) . We leave the 
removal of (C) to our forthcoming paper |Hsil2[ §6]. 

We also consider the case x i s n °t residually self-dual. In particular, this implies the failure of (V). We 
prove the following result in Cor. 16. 5( which gives a partial generalization of Hida's theorem. 

Theorem B. Suppose that (junri) . (|ord[) and (pl,T>jQ/jr£.) = 1. Suppose further that the following conditions 
hold: 

( L ) MxtO = f° r ever v V K~> 

(N) x * s n °t residually self-dual. 
Then (NV) holds for (x,Q- 

The proof is based on Hida's ideas in |Hid04aj . where Hida provided a general strategy to study the problem 
of the non- vanishing of Hecke L- values modulo p via a study on the Fourier coefficients of Eisenstein series. 
The starting point of Hida is Damerell's formula, which relates a sum of suitable Eisenstein series evaluated 
at CM points to Hecke L-values for CM fields. And then he proves a key result on Zariski density of CM 
points in Hilbcrt modular varieties modulo p, by which he is able to reduce the problem to non-vanishing 
of an Eisenstein series modulo p using a variant of Sinnot's argument. The assumption that £ is a product 
of split primes solely results from the difficulty of the calculation of Fourier coefficients of Eisenstein series. 
Following Hida's strategy, we first construct an Eisenstein measure which interpolates the Hecke L-values by 
the evaluation at CM points. The construction of our Eisenstein measure is from representation theoretic 
point of view, and Damerell's formula is actually a period integral of Eisenstein series against a non-split 
torus. Fourier coefficients of our Eisenstein series are decomposed into a product of local Whittaker integrals. 
Through an explicit calculation of these local integrals, we find that some Fourier coefficient is non-zero modulo 
p provided that certain epsilon dichotomy holds (See Prop. [6~T]) . 

Here is the outline of this article. We fix notation and recall some basic facts about Hilbert modular varieties 
and CM points in the first three sections. We basically follow the exposition in |Hid04a| except that we use an 
adelic description of CM points. Readers who are familiar with [Hid04aJ may begin with SQ] which is the bulk 
of this paper. In we give the construction of Eisenstein series and the calculation of some local Whittaker 
integrals. The formulas of the key integrals Ap(x) are summarized in Prop. |4~41 and Prop. |4~51 The explicit 
calculation of the period integral of our Eisenstein series is carried out in Finally we show some Fourier 
coefficient of our Eisenstein series is non-zero modulo p in $6] 

Acknowledgments. The author would like to thank Prof. Hida for helpful email correspondence during prepa- 
ration of this article. Also the author would like to thank Prof. Sun, Hae-Sang for useful conversation during 
the stay in Korea Institute of Advanced Study in September 2009. Finally, the author is very grateful to the 
referee for many valuable suggestions on the improvements of our main results (especially on Lemma 16.41 and 
Cor. 16. 5p in the previous version of this manuscript. 

1. Notation and definitions 

1.1. Throughout J 7 is a totally real field of degree d over Q and K, is a totally imaginary quadratic extension 
of J- . Let c be the complex conjugation, the unique non-trivial element in Gal(/C/J-"). Let O (resp. R) be the 
ring of integer of T (resp. /C). Let Vjr (resp. Djr) be the different (resp. discriminant) of J-/Q. Let T> K /jr be 
the different of IC/J-. For every fractional ideal b of O, set b* = b -1 !^ 1 . Denote by a = Hom(J r , C) the set 
of archimedean places of J 7 . Denote by h (resp. h^) the set of finite places of T (resp. JC). We often write 
v for a place of J- and w for the place of K, above v. Denote by T v the completion of T at v and by w v a 
unifomrmizer of T v . Let IC V = T v ®? JC. 

Fix two rational primes p ^ t. Let [ be a prime of T above I. Let S be a fixed CM type of K, as in the 
introduction. We shall identify £ with a by the restriction to J 7 . We assume (|unrj) and (jord|) for (p, /C, S) 
throughout this article. Let 

S p = {w G h^; I w\p and w is induced by i p o a for a S £} . 

We recall that S is p-ordinary if S p n S p c — and S p U S p c — {w € hytc | w\p}. Note that (|ord[) implies that 
every prime of T above p splits in IC. 
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1.2. If L is a number field, A^ is the adele of L and A^t is the finite part of A^. The ring of integers of L 
is denoted by Ol- For a £ Ai, we put 

il L (a) := a{0 L <g> Z) n L. 

Let V'q be the standard additive character of Aq/Q such that ipQ( x oc) — exp(27ria; 00 ), iEoo G R. We define 
i> L : A L /L -> C x by ^(x) = -0Q o T L/Q (x). For /3sl, ^i„g(x) = ipziPx). If i = J 7 , we write -0 for 

We choose once and for all an embedding : Q C and an isomorphism (, : C ~ C p , where C p is the 
completion of an algebraic closure of Q p . Let l p = lLoo : Q <—> C p be their composition. We regard L as a 
subfield in C (resp. C p ) via (resp. tj,) and Hom(L,Q) = Hom(L, C p ). 

Let Z be the ring of algebraic integers of Q and let Z p be the p-adic completion of Z in C p with the maximal 
ideal m p . Let m = t p 1 (m p ). 

1.3. Let F be a local field. Denote by |-|p the absolute value of F. We often drop the subscript F if it is 
clear from the context. We fix the choice of our Haar measure dx on F. If F = R, dx is the Lebesgue measure 
on R. If F = C, dx is the twice the Lebesgue measure. If F is a non-archimedean local field, dx (resp. 
d x x) is the Haar measure on F (resp. F x ) normalized so that vol(OF,dx) = 1 (resp. vol(0j£, d y x) = 1). If 
fi : F x — >• C x is a character of F x , define 

a(/i) = inf [n G Z> | m|i+^?o„ = 1} • 

2. HlLBERT MODULAR VARIETIES AND HlLBERT MODULAR FORMS 

2.1. We follow the exposition in [Hid04b, §4.2]. Let = J-ei ®Fe2 be a two dimensional ^-vector space and 
( , ) : VxV — > F be the ^-bilinear alternating pairing defined by (ei, 62) = 1. Let Jzf = Oei © 0*e2 be the 



standard O-lattice in V. Let G = GL2 /jr. For </ 



° ^ G MoiF), we define an involution q' = ^ 
c d\ [—c a 

If .g G G(J-") = GL2(J-"), then g' = g^ 1 det g. We identify vectors in V with row vectors according to the basis 

ei, e2, so G has a natural right action on V . Define a left action of G on V by g * x :— x ■ g' , x G V. 

For each finite place v of J-, we put 

#° = {g G G(j;) I s * (JSf ®o 0«) = S£ ®o O v } . 
Let K° — Y\ veh K° and K° = Yl v \ p K%. For a prime-to-p€ positive integer iV, we define an open-compact 
subgroup U(N) of G(Ajrj) by 

(2.1) f/(iV) := {g G G(A^ / ) | g = 1 (mod iVJSP)} . 

Let K be an open-compact subgroup of G(Ajrj) such that K p — K p . We assume that K D U(N) for some 
iV as above and that if is sufficiently small so that the following condition holds: 

(neat) K is neat and det(-fT) n O x C (K n O x ) 2 . 

2.2. Kottwitz models. We first review Kottwitz models of Hilbert modular varieties. 

Definition 2.1 (5-quadruples). Let □ be a finite set of rational primes and let WVp) = ^(O) [Cn], C = ex P(^)- 
Define the fibered category A K over SCH/y\;. a) as follows. Let S be a locally noethoerian connected W(rj)- 
scheme and let s be a geometric point of S. Objects are abelian varieties with real multiplication (AVRM) 
over S of level K, i.e. a S-quadruple A = (A, A, t,,rf™)s consisting of the following data: 

(1) A is an abelian scheme of dimension d over S. 

(2) i-.O^f End s A ® z Z (D) . 

(3) A is a prime-to-D polarization of A over S and A is the Ov^n^-orbit of A. Namely 

A = 0(D), + A := {A' G Hom(A A*) ® z Z (n) | A' = A o a, a G 0(D),+ } • 

(4) jj( n ) = r]^K^ is a 7r x (S, s)-invaxiant K W -orbit of isomorphisms of (^-modules rf^ : i*® z Af ) ^ 
V^iA-) := Hi(A T , Af ] ). Here we define rj^g for g G G(A^) by ri^g{x) = ^ a \g*x). 

Furthermore, (A, A, i,rj^)s satisfies the following conditions: 

• Let * denote the Rosati involution induced by A on Ends A <E> Z(qj ■ Then t(&)* = i(6), V6 G O. 
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• Let e A be the Weil pairing induced by A. Lifting the isomorphism Z/NZ ~ Z/NZ(\) induced by (jy to 
an isomorphism £ : Z ~ Z(l), we can regard e A as an ^-alternating form e A : F (D) (Ar) x V^(A T ) ->• 
P^ 1 ®z A* . Let denote the ^-alternating form on V^^Ag-) induced by e n (x, x') = (xr),x'r)}. 
Then 

e x = u ■ e n for some u G A^?l. 

• As O ®z Os-modules, we have an isomorphism Lie A ~ O <E)z Os locally under Zariski topology of S. 
For two S'-quadruples A = (A, A, L,r}( D ')s and A_ = (A', A', f/, (?/)^)s, we define the morphisms by 

Rom A ^)(A,Ai) = {<f>eHomo(A,A') \ dp*X = A, <j> o (V) (D) -?7 (n) }- 

We say A ~ ^4/ (resp. A ~ ^4/) if there exists a prime-to-D isogeny (resp. isomorphism) in Horn <□) (A, A' ). 

K 

We consider the cases when □ = and {p}. When □ = is the empty set and Wpj = Q(Cjv), we define 
the functor £ K : SCH /q{Cn) -> SETS by 

£k(S) = {A=(A,\,i,rj) s G A K (S)} / ~ . 

By the theory of Shimura-Deligne, Ek is represented by a quasi-projective scheme Shx over Q(Civ)- We define 
the functor £ K : SCH /Q -> S'.ETS' by 

= {(A A, i, n) G 4° } (5) I ^ (D) ®z Z) = ffi Z)} / ~ . 

By the discussion in |Hid04b[ p. 136], we have <£k ~^ £k under the hypothesis (|neat|) . 
When □ = {p}, we write W for W (p) and define functor : SCH /W ->• S'^TS' by 



4\S) = {4 = (AA,a (p) )s G A%{S)}/ 



In |Kot92j . Kottwitz shows £jp is representable by a quasi-projective scheme STife' over W if if is neat. 
Similarly we define the functor : SCH /W -> SETS by 

- | (A A, t,^) G A%\S) | 7? (rt (^®z Z«) = Hi{As,±V))} / ~ . 

It is shown in [Hid04bl §4.2.1] that ^> 

2.3. Igusa schemes. 

Definition 2.2 (S'-quintuples). Let n be a positive integer. We define the fibered category A^ n whose 
objects are AVRM over an W-scheme of level K n , i.e. a S'-quintuple (A,j)s consisting of a ^-quadruple 
A = (A, A, i.,7j^) G A-wp) (5") and a monomorphism 

as O-group schemes over 5. We call j a level-p™ structure of A. Morphisms are 

Hom^p, ((A,j), (AL,f)) = U G Hom^ (p) (A, A) I # = A ■ 

K,n |_ J 

Define the functor 3^ : SCH /W ->• S'.ETS by 

= {(A, j) = (A, \, h 7p\j)s G ^(5) I 77 (p) (^®z ZW) = T«(A)} / ~ . 

It is known that Jj£„ are relatively representable over £^ (c/. |SGA64[ Prop. 3.12]), so it is represented by 
a scheme over W, which we denote by Iff !rl . 

For n > n' > 0, the natural morphism 7r„ !n / : Ik,u ~~ Ik.u' induced by the inclusion O* C§) fj, pn ' ^ O* ® fjL p n 

is finite etale . The forgetful morphism ir : Ik.u — > Sh^ defined by ir : (A, j) i-> A are etale for all n > 0. 
Hence Ix,n is smooth over Spec W. The image of 7r is the pre-image of ordinary abelian schemes in Ik,u <£>^ p - 
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2.4. Complex uniformization. We describe the complex points Shx (C). Put 

X + = {t = (r CT ) crea G C a | lmT a > for all a G a} . 

Let .F+ be the set of totally positive elements in T and let G(T) + = {g G G(J r ) | dct g G Define the 

complex Hilbert modular variety by 

M(X+,K) := G(F) + \X + xG(Aj: if )/K. 

It is well known that Af(Jf + ,if) —> Shx{C) by the theory of abelian varieties over C. 

For t = (r cr ) crea G we let p T be the period map V ®q R — > C a defined by p T (ae\ + be-i) = ar + b, 
a,b G T <£>q R = R a . We can associate a AVRM to (r, (?) G X+ xG(Ajj) as follows. 

• The complex abelian variety A g (r) = C a /p T (g * Jzf). 

• The J-+-orbit of polarization ( , ) on A g (r) is given by the Riemann form ( , ) op,: 1 . 

• The tc : O End .A 9 (t) ®z Q is induced from the pull back of the natural J-"-action on V via p T . 

• The level structure rj g : Jz? <S>z A/ —> (g * jSf) &>z Ay = fl"i(^l s (r), Aj) is defined by f} g {v) — g * v. 
Let .Ag(T) denote the C-quadruple (A 3 (t), ( , } can , t, Krj g ). Then [(r, <?)] i-> [-4 s (t)] gives rise to an isomorphism 
M(X+,K) 4 Sh K (C). 

Let z = {^crj^gjj be the standard complex coordinates of C a and dz_ — {dz a } aea . Then O-action on dz_ 
is given by Lc(a)*dz a — a(a)dz a , a G a = Hom(.F, C). Let z = Zid be the coordinate corresponding to 
ioo : T Q ^ C. Then 

(2.2) (O ®z C)dz = H°(A g (T), n Ag{T)/c ). 



2.5. Hilbert modular forms. 



2.5.1. For t e C and 9 



a b 
c d 



G GL 2 (R), we put 



(2.3) J(g,r) = cr + d. 

For t = (r (T ) CTea G X+ and .g^ = (,g CT ) CTea G G{T ®q R), we put 

J(goo,T) = Y[ J(9a,T a )- 
cr£a 

Definition 2.3. Denote by M.k(K,C) the space of holomorphic Hilbert modular form of parallel weight k 
and level K. Each f G M/^if", C) is a C-valued function f : X + xG(Ajj) — > C such that the function 
f(—,gf) : X + — > C is holomorphic for each <7/ G G(Ajr,/) and 

f(a(r,. 9/ )u) = J(a,T) fci; f(T, 3/ ) for all u G and a G G{T) + . 

2.5.2. Fourier expansion. For every f G M/ C (ii'", C), we have the Fourier expansion 

f(r,g f ) = J2 W fi {f,g f )e 2 ^^. 
/3e.F + u{0} 

We call Wp(f,gf) the /3-th Fourier coefficient of f at g/. 

For a semi-group £ in J 7 , let L + = T + n L and L> = i + U {0}. If B is a ring, we denote by B\L\ the set 
of all formal series 

E apq p , ap G S. 

Let a, b G (A^P) X and let a = ilj-(a) and b — ilj^(b). The g-expansion of f at the cusp (a, b) is given by 

(2-4) f|(.,b)(«)= E % tCKN-iab)^}. 

If _B is a W-algebra in C, we put 

M fc (Jf, B) = {fe M k (K, C) | f | (0>b) (g) G Bpr^b^o] at all cusps (a, b)} . 
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2.5.3. Tate objects. Let 5f be a set of d-linear Q-independent elements in Hom(J r , Q) such that l(J r +) > 
for I G y . If L is a lattice in T and n a positive integer, let Ly, n = {i £ £ | /(x) > — n for all Z G ^} 
and put !?((£; J?*)) = lim B\L^^. To a pair (a, b) of two prime-to-piV fractional ideals , we can attach 

the Tate AVRM Tate atb (q) = G m ®z a*/<7 b over Z((ab;^)) with O-action t ca „. As described in |Kat78| . 
Tate ai b(q) has a canonical ab~ ^polarization A can and also carries u) can a canonical O® Z((ab; ^))-generator 
of Q.Tate a , b induced by the isomorphism Lie(Taie ai b((/)/z((ab;^))) — a * ®z Lie(G m ) ~ a* ® Z((ab;^)). Let 

_i = bei © a*e 2 Then we have a level A^-structure 77 ca „ : TV 1 Jf ,b/Xi,b -> 7 1 ate CIi (,(g)[iV] 
over Z[Cjv]((-^V _1 ob; c5^)) induced by the fixed primitive 7V-th root of unity £jy. We write Tate a b for the 
Tate Z((ab; oS^))-quadruple {Tate a ^{q),\ can ,L cani rfcan) at (a, b). In addition, since a is prime to p, we let 
"Hp can'- O* ®z M P " = a * ®z M p i ^ Tate a ,b{ a ) be the canonical level p™-structure induced by the natural 
inclusion a* <8>z M p « c -> a* ®z G m . 

2.5.4. Geometric modular forms. We collect here definitions and basic facts of geometric modular forms. For 
the precise theory, we refer to |Kat78] or |Hid 04bj . Let T = Reso/zG m and k G Hom(T, G m ). Let B be a 
Z( p )-algebra. Consider [A\ = [(A, A, i, rj^)] G <Bk{C) for a £?-algebra C with a differential form u; generating 
H°(A, Qa/c) over O ®z C. A geometric modular form / over B of weight k and level K is a functorial rule 
of assigning a value f{A,uj) G C satisfying the following axioms. 

(Gl) f(A,u>) = f(A!,u') G C if Q4,u>) ~ (A',w') over C, 
(G2) For a B-algebra homomorphism ^ : C — > C, we have 

®c C) = ^(/Gi,w)) ) 

(G3) /(A, aa>) = ^a^f^u) for all a G T(C) = (O ®z C) x , 
(G4) /(Tate ai6 ,w oan ) G BlCivlK^-^b)^! at all cusps (a,b). 

For a positive integer fe, we regard k G Hom(T, G m ) as the character t Njf/q^)*. We denote by Aik(K, B) 
the space of geometric modular forms over B of weight k and level if. 

For each / G Mk(K, C), we regard / as a holomorphic Hilbert modular form of weight k and level K by 

f( T ,9f) =/(-A 9 (t)i(, ) can ,L C ,rj g ,2nidz), 

where cfe is the differential form in (|2.2[) . By GAGA principle, this gives rise to an isomorphism Aik(K, C) -H> 
M fc (if, C). As discussed in |Kat781 §1.7], the evaluation f ( Tate a b ,u cm ) is independent of the auxiliary choice 
of 5? in the construction of the Tate object. Moreover, we have the following important identity which bridges 
holomorphic modular forms and geometric modular forms. 

f|(«,b)(«) = f(Tate a ,b,"can) e C[(AT-i a b)>o]. 
By q-expansion principle, if B is W-algebra in C, then Mk(K, B) = M.k{K, B). 

2.5.5. p-adic modular forms. Let B be a p-adic ring in C p . Let V(K, B) be the space of Katz p-adic modular 
forms over B defined by 

V{K,B) := l£nlm^H°(I Ktn/B/pmB ,O lK J. 

m n 

In other words, Katz p-adic modular forms are formal functions on Igusa towers. 

For each point (A,j) G lim lim lK,n/B/p m B, the level p°°-structure j induces an isomorphism j : Lie(G m )®Zj, 
O* —> Lie(A). Let dt/t be the canonical invariant differential form of G m . Then j*dt/t := dt/t o j _1 is a 
generator of H°(A, £Ia) as a O- module. We thus have a natural injection 

M k (K,B)^V(K,B) 

(2.5) 

f^f(Aj)~f(A,j*dt/t) 

which preserves the q-expansions in the sense that f \( a ,b)(q) := f( Tate „ f}p can ) — /|( , &)(<?)• We will call / 
the p-adic avatar of /. 
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2.6. Hecke action. Let h G G(A^ f ) and let h K := hKh- 1 . We define a morphism \h : 4 £%' by 

A= (A, A,i,^ (p) ) i-f A|/i = (A, A, l, hfj^). 

Then |ft induces an W-isomorphism Sh^ 4 Sh^ , and |/i thus acts on spaces of modular forms. In particular, 
for F £ V(K, W), we define F\h G V( h K, W) by " 

F\h(A) = F(A\h). 

Let K (l) := {g G K \ e 2 g G 0*e 2 (mod L&f)}. Define the ^-operator on V(AT o (0> W) b y 

F|tT t = X! F l 

uGO*/IO* 

Using the description of complex points of Sh£ (C) in tj2.4l it is not difficult to verify by definition that 
for (r,g) G X + xG(Ajrj) two pairs (.A s (t) \h,uj) and (./^(t), w) of C-quadruples and invariant differential 
forms are Z( p )-isogenous, so we have the isomorphism: 

(261 M k (K,C)^M k ( h K,C) 

f^f\h{T,g) = f(T,gh). 

3. CM POINTS 

3.1. In this section, we give an adelic description of CM points in Hilbert modular varieties. Fix a prime-to-p 
integral ideal £ of R such that (pi, (TD^/jf-) = 1. Write €— <£ + £~ , where £~ = CT£H, J (resp. 9t) is a product of 
inert (resp. ramified) primes in fC/J- and £ + = g'Sc is a product of split primes in K./J- such that (5, 3c) = 1 
and $ C 3^. Recall that we have assumed (junrj) and (|ord|) in the introduction. Let S be a p-ordinary CM 
type of /C and identify S with a by the restriction to T . We choose i? 6 /C such that 

(dl) tf c = -tf and Imcr(i?) > for all ue£, 

(d2) c(R) := V T 1 (2-dV~ 1 / - F ) is prime to pD K/T \<Lt c . 

Let ^ := {a{$)) aes G X+. Let D = -tf 2 G J"+ and define p : JC <-> M 2 (.F) by 



p(atf + 6) = 




Consider the isomorphism q$ : JC ^> J- 2 = V defined by q^(a-d + b) = ae\ + ben- It is clear that (0, l)p(a) = 
qd(a) and q${xa) — q$(x)p(a) for a,x G JC. Let C(£) be the /C-module whose underlying space is C s 
with the /C-action given a(x a ) = (a(a)x a ). Then we have a canonical isomorphism JC ®q R = C(Z'). and 
Pi9 := 1 : V <S>q R4K ®q R = C(i7) is the period map associated to d s . 

3.2. A good level structure. 

3.2.1. For each v\p$$ c , we decompose v — ww into two places w and w of JC with w\$E p . Here io|$I7p means 
or w G Let e w (resp. e w ) be the idempotent associated to w (resp. w). Then {e w ,ew} gives an 

0„-basis of R v . Let $ w G T v such that i? — — i!) w e^j + d w e w . 

For inert or ramified place v and w the place of JC above u, we fix a 0„-basis {\,6 V } such that 6 V is a 
uniformizer if v is ramified and = — if i> { 2. Let <5„ := V — V be a fixed generator of the relative different 

Fix a finite idele djr = {djr v ) G Aj?j such that ilj?(djr) = Vjr. By (d2), we may choose djr v = 2i9<5~ 1 if 
v\D K /j:3 (resp. djr, = -2$ w if w\$E p ). 

3.2.2. We shall choose a basis {ei,,,, e2,,j} of R ®o O v for each finite place v ^ i of J 7 . If v { pl££ c , we 
choose {ei )tI , e2 >t) } in R eg Ot, such that i? ®o 0„ = O v e\_ v 0*e2,-u- It is clear that {ei^,e2,„} can be 
taken to be {$,1} except for finitely many v. If w|p53 c , let {ei tV , B2,v} = {ew, ■ e. w } with w|^i7p. If v 
is inert or ramified, let {ei jt) , e2 jtI } = {0„,(ijr tl • 1}. For every integer n > 0, we let R„ = R + l n R, and let 

{ e i?n e 2™^} := { — 1) — d^zvfBi} be a basis of i?„ (5§o 0[. 
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For v G h, let (resp. c^™') be the element in GL 2 {J- V ) such that — q§(ei^ v ) (resp. ei(<^™' ) )' = <7#(e^)). 



For u = ct G a, let = 



Imcr(#) 
1 



Define ? = n^ifc G GL 2 (A<?) and e W - e GL 2 (A^). Let q f 

and cl ) be the finite components of ? and c;( n ) respectively. By the definition of we have 

4 n) * ®z Z) = (J2f ® z Z) • (<r} n) )' - ^(i?„ ® z Z). 
The matrix representation of <; v according to the basis {ei, e 2 } for w|p[Z)/ C /jr££ c is given as follows: 



(3.1) 



v 



(n) 



3.3. For every a G AS we let 



^ - 


2-H 









1 " 


2 


2 




-1 




2i?„_ 




n u 
I 6 I 







, t v = 9 V + 8 V if v\D K /jr3, 

if ulp&T and w\$E v , 
(0, = arf + bt, ai G F?,b\ G J 7 ,). 





(/«; 2 




1 -=£ 





A n (a)/c 



A 



pO)? 



(n) 



(^ (g)? (n)(^),(, ) 



can' "-can. 



77(a)) g smc) 



be the C-quadruple associated to {d s , p(a)<;^) as in £12.41 Then A n (a) /c is an abelian variety with CM by 
JC. Let W be the p-adic completion of the maximal unramified extension of Z p in C p . By the general theory 
of CM abelian varieties, the C-quadruple A n (a)/c descends to a VF-quadruple A n (a). Moreover, since K. is 
p-ordinary, A n (a) <S>w F p is an ordinary abelian variety, hence the level p°°-structure rj(a) p over C descends 
to a level p°°-structure over W. Thus we obtain a map x n : A^ ^ —> jjm ^ lK.m(W) C Ik,oo(W), which 
factors through C/c '■= A^ f/^ x the idele class group of K.. The collection of points Cl°° :— \_\^ =1 x n (Cic) in 
Ik,oo{W) is called CM points in Hilbert modular varieties. 



3.4. Polarization ideal. The alternating pairing (, ) : KxK. :— > J- defined by (x,y) — (c(x)y — xc(y))/2{} 
induces an isomorphism R Ao R — c(i?) _1 2?^- 1 for the fractional ideal c(R) — T>^} {2 i dT>~j^j j.) . Then c(R) is 
the polarization of CM points xo(l). From the equation 

V-j> det(?/) = A 2 J^<r} = A 2 i? = t(Ry l V T x , 

we find that c(R) = (det(<j/)) _1 . Moreover, for a G Aj£, the polarization ideal of xq (a) is c(o) := c(i?)N K /jr(a) _1 , 
a = Utc(a). 

3.5. Measures associated to J7[-eigenforms. 

3.5.1. We briefly recall Hida's construction of the measure associated to an [/[-eigenform in |Hid04a| §3]. 
Define the compact subgroup U n — (Ci) s x(R n ® Z) x in Aj£ = (C x )^xA£. ^, where Ci is the unit circle 
in C x . Let Cl„ = /C x A^-\A£/[/ n and let [•]„ : A£ -> Cl n be the quotient map. Let Cl^ — lim ^ Cl n . For 
a G Aj£, we let [a] := l^im^ \a] n G C7oo be the holomorphic image in CIoq. Henceforth, every v G X,~ will be 
regarded implicitly as a p-adic character of Cloa by geometrically normalized reciprocity law. 

Let £ G V(Kq(1), 0) for some finite extension of Z p and let x be the p-adic avatar of \- Assuming the 
following: 

(i) £ is a [/[-eigenform with the eigenvalue a,(£) G Z x ; 



(ii) £(x n (ia)) = x 1 (a)Z(x n (t)), a G £/„ • A 



Hida in |Hid04a[ (3.9)] associates a Z p -valued measure ipg on CZoo to the [/[-eigenform £ such that for a 
function cf> : Cl n — > Z p , we have 



(3.2) 



£ :=«[(£)-"■ ^ £(x n (t))x(t)<f>([t]n)- 
[t]„eci n 
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we define 



3.5.2. Let A be the torsion subgroup of C/qo. Let C7 alg be the subgroup of Cl^ generated by [a] for 
a e (A^) x and A alg = C7 alg n A. We choose a set of representatives S = {b} of A/A alg in A and a set of 
representatives TZ = {r} of A alg in (A^']) x . Thus A = = {&[r]} bgB ren . 

£|[a] := £|p,(a), ft (a) := rV(«X € G(A<?J). 
By definition, E\[a}(x n (t)) = E(x n (ta)). Following Hida (cf. |Hid071 (4.4) p.25]), we put 



ForaG (A<£'}) x , 



(3.3) 



ren 



In [Hid04aJ , Hida reduces the non- vanishing of L-values to the non- vanishing of Eisenstein series by proving 
the following theorem. 

Theorem 3.1 (Theorem 3.2 and Theorem 3.3 [Hid04aJ). Suppose the following conditions in addition to (unr) 
and (ord): 

(H) Write the order of the Sylow l-subgroup of F[x] x as £ r M . Then there exists a strict ideal class c £ CI? 

such that c = c(o) for some R-ideal a and for every atO prime to I, we can find j3 = u mod with 

ap(£ n , c) ^ (mod m p ), 
where a^(£ 7J , c) is the fi-th Fourier coefficient of £ K at the cusp (O, c _1 ). Then 



/ vdZ ^ (mod m p ) for almost all v £ X { 
Jci^ 



Remark. As pointed by the referee, if [ has degree one over Q, the above theorem is Theorem 3.2 |iHid 04a) . In 
general, the theorem holds under the assumption (h) in Theorem 3.3 loc.cit. , which is slightly weaker than 
(H) (See the discussion |Hid04al p.778]). 

4. Construction of the Eisenstein series 

4.1. Let x be a Hecke character of IC X with infinity type kS + n(l — c), where k > 1 is an integer and 
k = K cr a £ K a > 0. Let c(x) be the conductor of x- We assume that £ = c(x)&, where 6 is only 

divisible by primes split in IC/ J- and (c(x)t, ©) = 1. Put 



X 



x\-\aI and X+ = \\a.I- 



Let := Yivea SO(2, R) be a maximal compact subgroup of G(.7-"<8)q R). For s € C, we let I(s, x+) denote 
the space consisting of smooth and if^-finite functions <j> : G(Ajr) — > C such that 



a b 
d 



9) = X+ 1 (d) 



Conventionally, functions in I(s,x+) are called sections. Let B be the upper triangular subgroup of G. The 
adelic Eisenstein series associated to a section (f> £ I(s, x+) IS defined by 

E A (g,<t>)= Yl ft™)- 
7 eB(7-)\G(J) 

The series Ej±(g, c£) is absolutely convergent for Res ^ 0. 

-1 



4.2. Fourier coefficients of Eisenstein series. Put w 



Let v be a place of T and let I v (s, x+) 





1 

be the local constitute of I(s, x+) at v. For (f> v e I v (s, x+) and f3 G J- v , we recall that the /3-th local Whittaker 
integral Wp(4> v , g v ) is defined by 

1 x v 



Wf}(4> v ,g v ) 



<jy v (w 



and the intertwining operator M w is defined by 



M w cj> v (g v ) 



,(w 



1 



1 X v 

o 1 



g v )tp(-(3x v )dx v , 
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By definition, M vf (f) v (g v ) is the 0-th local Whittaker integral. It is well known that local Whittaker integrals 
converge absolutely for Res 3> 0, and have meromorphic continuation to all s G C. 

If <fi — ® v <f> v is a decomposable section, then it is well known that E A (g,(j)) has the following Fourier 
expansion: 

E A (g, (j>) = 4>{g) + M w </>{g) + ^ Wp(E A ,g), where 

(4.D 

m w <Hs) = 7=== • Y[M„Mgv) ; w p {E A , g ) = -t== ■ J[ Wp{4> v ,g v 
vI^Ir v vI^Ir 

The sum 4>(g) + M w (f>(g) is called the constant term of E A (g, q 



4.3. The choice of local sections and Fourier coefficients. In this subsection, we will choose for each 
place v a good local section 4> x ,s,v hi Iv(s,x+) an d calculate its local /3-th Fourier coefficient for (3 G J 7 *. 

4.3.1. We first introduce some notation and definitions. Let S° = {v G h | v \ l£St c D K / jr} ■ Let v be a place 
of T. Let L/F v be a finite extension and let cLl be a generator of the absolute different Dl of L. Let 
i/jl ■= ip ° Tl/jt v . Given a character n : L x — > C, we recall that the epsilon factor e(s,n,ipL) m |Tat79] is 
defined by 



e(s,fj,,ip L ) = \c\ 



,i x 



(J, 1 (x)ijj L (x)d L x (c = d L w a ^). 



Here d^x is the Haar measure on L self-dual with respect to ipL. If ip is a Bruhat-Schwartz function on L, the 
zeta integral Z(s, fi, ip) is given by 



Z(s,fi,ip) = J (p(x)fi(x) \x\ s L d x x (s G C). 
The local root number is defined by 

W(n) :=e(i 

(c/. [MS001 p.281 (3.8)]). It is well known that \W(p,)\ c = 1 if fj, is unitary. 

To simplify the notation, we let F = T v (resp. E = JC ®„f J~ v ) and let dp — djr^ be the fixed generator of 
the absolute different T>p in H3.2.H Write \ (resp. x+i X*) for Xv (resp. x+,v, X*,)- If « € h, we let O v = Of 
(resp. R v = R ®o O v ) and let w = zu v be a uniformizer of F. For a set Y, denote by ly the characteristic 
function of Y. 

4.3.2. v is archimedean. Let v — a G £ and F = R. For g 6 G(F) — GL2(R), we put 

-l 



= |det(g)| • J{g,i)J{g,i) 



Define the section 4>\ s G G I v (s,x+) of weight k by 



(4.2) 

The intertwining operator M w ^fe iS)CT 
(4.3) 



Vfc,s,cr 

is given by 



" ( ff ):=J( 9 ,i)- fc %) s 



M^l<g) = * fc (27r) ^* + 2 * \> ■ J{g,if Aet{g)- k 8{gf- s 



(4.4) 



r(fc + s)r(s 

For (x, y) G RxR + and /? G R x , it is well known that 

(2™) fc 



y x 
o l 



r(fc) 



a((3) k - L e X p(2ma(p){x + iy)) ■ Ir, (a{/3)). 



Define the section <p^' s a G /(s, x+) of weight fc + 2k ct by 



(4.5) *Zk,s,*(9) ■■= J{g,i)- k - K °J{g^) "S( 9 y. 

Let V+ be the weight raising differential operator in [JL70, p. 165] given by 



V+ = 



"1 " 


<g> 1 + 


"0 


1" 


-1 


1 






.ie Lic(GL 2 (R)) %C. 
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Denote by VT? the operator (V r+ ) K<T acting on I v (s,\+)- By [JL70, Lemma 5.6 (in)], we have 



(4.6) 



2^r(fc + K ff + 2 S ) _ 



T(k + 2s) 



4.3.3. v G 5°. In this case, x is unramified. Define 4> x , s ,v{9) to be the spherical Godement section in I v (s, x+)- 
To be precise, put 



<Px,sAd) =hM ■= |det 5 | s / * t ,((0,i)ff)x+(*) |*| 2s d x i, where 



It is well known that the local Whittaker integral is 

1 



(4.7) 



)\ s =o = X+(c v )- * I L |2?H -lo-CSct,). 



and the intertwining operator is given by 



(4.8) 



i-x*M 



) = L„(2s - |c„| 



l-s 



4.3.4. v^S^. If i>|3i? c is split in AC, write u = wmj with w\$ and Xu — (XwiXw)- Then a(Xtu) > a(xw)- We 
shall define our local section at v to be the Godement section associated to certain Bruhat-Schwartz functions. 
We first introduce some Bruhat-Schwartz functions. For a character fi : F x — > C x , we define 



ip^(x) = l Q x (x)fi(x) (x e F). 



Define tp w — (p Xw and 



if Xw is ramified, 



Io v if Xw is unramified. 
Let <& v (x,y) — Lpvj(x)(p w {y), where tp w is the Fourier transform of tp w defined by 



<Pw(y) = / (p w (x)ip(yx)dx. 

J F 

Define <j> x , a , v 6 I v (s,x+) by 

(4-9) <f> x ,sAg) = UM ■= \detg\ s f *„((0,f) 5 ) X+ (t) \t\ 2s d*t. 

A straightforward calculation shows that the local Whittaker integral is 

Wp(<(> x ,8,v,i) = [ tpwix^wi-ftx" 1 ) ■ x+(x) M 2s_1 d x x 

(finl( x ) ( PwWx~ 1 ) ■ ' X+(x) Ixl 23 " 1 d X X 

= X+(P)<Pv(P)\P\*'~ 1 -\Vr\~ 1 > 



(4.10) 



and the intertwining operator is given by 

(4.11) M W X , S ,„(1) = 0. 

4.3.5. v — I. Let (j> x , v ,s G ^( S ,X+) be the unique 7V(O l; )-invariant section supported in the big cell _B(F)wiV(0*) 
and Xi „, s (w) = 1. One checks easily that <fi x>SjV \Ui given by 



;v\ U l(9)= ^xwis 



w u 
1 



is also supported in the big cell and is invariant by N(0*). In particular, 4> x , s ,v is an {/[-eigenform, and the 
eigenvalue is x+ 1 ( n7 i)- 



NON-VANISHING OF HECKE L-VALUES MODULO p 



13 



The local /3-th Whittaker integral is given by 

(4.12) 

= |c|Io„(/?c), 

and the intertwining operator is given by Af w X)S „ 



"l 


)|a=Q = / 0x,f-s( w 


"1 af 




'1 


C" 1 


1 




C 1 



)V'(-/3x)dx| s= o 



1 

c- 1 



=o = c . 



4.3.6. v\DK/jr£~ . In this case, E is a field and G(F) = B(F)p(E x ). Let w be the place of E above v 
and let we be a uniformizer of E. Let 9t' be the product of ramified primes where x i s unramified, i.e. 
JH' = IlqiPK/^ qfer- 1- Let <j>x,s,v be the unique function on G(F) such that 



(4.13) 



4>x,s,v{ 



a b 
d 



p(z)<; v )=L(s,Xv)-xT 1 (d) - ■ X ' 1 {k),b^B{F),zeE x , 



where L(s, \v) is the local Euler factor of Xv defined by 

L(s,Xv)=\ ! 



if v|£K3, 
ifv\m'. 



{ i-Xv(ru E )\tu E \ s I 

Then <j> xs , v defines a smooth section in I v (s,x+)- 

To calculate the local /3-th Whittaker integral of <f> x ,s,v , we recall that in SI3.2. 11 we have fixed 8 = 8 V = 2i9dp 1 
a generator of V^/jr and an O^-basis {1, 9} — {1, 9 V } of i?„ so that 5 = 29 if v \ 2 and 5 = — if v\2. In 
addition, is a uniformizer of R v if w is ramified. Let t = t v — 28 — 5 = + 9 £ O v . Let ip°(x) := ip(—dpx) 
and Xs = xl ' Ib f° r s For Re s 3> 0, we have 



: / <f> X ,s,v( W 
J F 



1 x + 2~ 1 tdp 1 



ip 
dp 



<; v )ip° {dp j3x)dx 



--r(-2-Hp)xs{dF)\d F 2 \ ■ / X , S ,„( 



r l — x 




X 


-D 


x 2 +D x' 2 + D 




1 




1 


X 



'(-dp 1 (3x)dx 



=4>°(-2-Hp)\^\- / x7 1 (a! + 2- 1 *)V <, (/9»)<fe- 



We put 

(4.14) A (xs)~ I x7 1 (x + 2- 1 S)^(Px)dx. 

J F 

Making change of variable, we find that 

Ap( Xs ) =*/>°(2-Hp) ■ Mxs), where 

(4.15) „ f , 

Mxs) = / XsHx + WiMdx. 

J F 

In particular, the intertwining operator M w </> x . Sjl ,(l) = \dj}\ ■ L(s, Xv)Ao(Xs)- We investigate the analytic 
behavior of Ap(x s )- For (3 £ F and M > v(£~), we have 

Jm-MOv j>M JOZ 

for Res sufficiently large. This shows that ^(xs) has meromorphic continuation to all s £ C, and ^(xs) is 
holomorphic at s = except when /3 = 0, Xu is unramified and x*( w ) = 1- I n particular, when k > 2, Ao(x s ) 
and the intertwining operator M w ^ )J|t (l) are finite at s = 0. 
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Now we have 

7-H 



(4.16) Wp(</> x>SlV ,l)\ s =o = \dp L \-L(s,Xv)Ap(x s )\s=o- 

In what follows, we let /3 e F x and let A (x) := Ap(Xs)\*=o (resp. A (x) := ^(Xs)U=o)- Then A /S (x) = 
ip°(2~ 1 t0) ■ On the other hand, by our choice of 9 it is clear that \x + 9\ E > \9\ E for all x G tu _M 0„. 

Let M C:/3 = max {«(£""), + v(/3)}. Then for M > M C j, we have 



(4.17) 



A ( X )= / x-^x + ^V ^)^ 

Jvj- m O v 

= M 1+M x-\^- M x + e)r{^- M x). 

i€0„/(n 1 + 2M ) 

The following lemma shows the p-integrality of these local Whittaker integrals Wp((j> x a v , l)| s =o- 
Lemma 4.1. Suppose that v\Df^ij^<t~ . There exists a finite extension of Gjr^ such that for all (3 E F x 

W^ x , s ,„,i)| s =o g 0. 

In addition, if v\£~ , then 

(4-18) ^(0 x , Sil ,,l)| s=o = ^ o (-2-4/3)|^ 1 | -Ap( X ) = \d F x \-Ap( X ). 

Ifv\m' and v(0) = -1, then 

(4.19) Wp(cf> x , a<v ,l)\s=o = \d F 1 \ X - 1 (9)\w\. 

PROOF. First note that it is not difficult to deduce from (|4.17|) that Ap(x) = if v(0) < -1 - Me t p, and 
that Ap(x) belongs to the 0.f,(p) -algebra generated by the values of x and ip c '(m~ 2vly<t ' _1 ) for all (3 G F x . 
Then the assertions are clear if Suppose that v\9{'. Then v is ramified in E and x IS unramified at v. 

For s G C, let a a :— Xs(^) l ro P ■ Fot Res 3> 0, we have 

-1/ 

K 

F 



Ap(x s ) = I x7 + 

v(P) + l 



[ Xs 1 (x + e)^°(px)dx+ \™~ 3 \xs(zu j ) [ ^°(0w- j x)dx 

Jvjo v j =0 Joi 

XsHO) J2 ai-( r(/3ru^x)dx- r(^- 3 x)dx). 



If v(0) > 0, we find that 



1 - n, l ' {fi) + 1 

Ap{xs) =x7Ho) M + — p (i - M) - H < m+1 

1 - a s 



=(i-M0))(i + Wx7\0))- 



1 - a s 

In addition, we have Ap(xs) = if v(0) < — 1 and 

MXs) = (1 - XM) ■ x7\0) \m\ if v(J3) = -1. 
In any case, the assertions in the case v\9\' follow immediately from (|4.16p and the formulas of Ap(x s )- ^ 

4.3.7. Calculation of Ap(x)- We give an explicit calculation of the local integral A(x) under the assumption 
w(£~) = 1. Introduce an auxiliary integral 1(0) for /3 G F defined by 

103) := / x~ l (x + 9)^°(0x)dx. 



The explicit formulas of Ap(x) are deduced from the following two lemmas. 
Lemma 4.2. Suppose w(€r) < 1. 
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IX. 



(1) Ifv(f3) > and x\ x ^ 1, then 

Mx) =l(O)+ X - 1 \-\(-dF 1 0)-e(l,x + \-r\i>)- 

(2) Ifv(fi) > and x\ x = I, then 

Ap( X ) = 1(0) + J2 ■ (! ~ M) " X^ v[ti)+1 ) ■ M (X* = x\-\e~ 2 )- 

j'=i 

(3) Ifv(P)<0, thenA ( X )=l(j3). 
PROOF. It is clear that under our assumption on the conductor of Xi we have 

Mx) = I x-'ix + eWiM 

J F 

-Kfl+ £ M-'7 o; x-(^(§)^ 

Then the lemma follows immediately. □ 

Lemma 4.3. 

fij Ifv(P) < -l, then 1(13) = 0. 

(2) If v is ramified, then 1(0) = X*(@~ ) \ w \ 5 • 

(3) If v is inert and x\o x = ^> then 1(0) = — \zu\. 

PROOF. Note that if v is ramified, then xlo x ^ (•"■) anc ^ (^) f onows from the assumption on the conductor 
of x an d a simple calculation. (3) follows from the following equation: 

0=/ x ~ 1 (r)dr= [ da j dbx' 1 (a + bO) + [ da j db x ^(a + b0) 

= (l-\w\) I x~ X (a + 0)da+ \m\ (1 - \zu\). □ 
Jo v 

We summarize the formulas of Ap( X ) in the following two propositions. 

Proposition 4.4. Suppose that v\£~ is ramified such that w(£~) = 1. Then the formula of Ap(x) is given 
as follows. 

(1) Ifv((3) > -1, then 

Mx) = x*(e~ l ) M* +x*{-Pd- F x )e{i,x+Y\~ 1 ^)- 

(2) Ifv(P) < -1, thenMx)=0. 

(3) Ifv\2 andv(/3) > -I, then 

MX) = (x*(-^- 1 d F )+x*(2- 1 f3)W(x*)) ■ x(-d^) M* ■ 
Proof. In this case, 6 is a uniformizer of R v . It is straightforward to verify that if v((3) = — 1, then 

1(13) = x*(Pdp 1 )e(l, X+ \-r\^)+ X *(e- 1 ) H J ■ 

Thus (1) and (2) follows from Lemma I4T21 and Lemma I4T51 

Suppose v \ 2. Then S = 26, and (3) follows from (1) and the identity ( |Roh821 Prop.8]) 

W( X *) = X*(2)W(x*\f) = X(2) M~* e^x+l-r 1 ,^). □ 

Proposition 4.5. Suppose that is inert such that w(£~) = 1. Then the formula of Ap(x) is given as 

follows. 

(1) Ifv(f3) = -1, then 

Mx) = H- E x~\a + e)rWa)- 

a£O v /{m) 
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(2) Ifvtf) < -1, thenAp(x) = 0. 

(3) Ifv(/3) > and X \ * = 1, then 



a p ( x ) = -\ VJ \ + Y J x*(™ j ) • (i - H) - x*(^ )+1 ) H ■ 

(4) Ifv([3) > and x| x 7^ 1, tften 

l^( X )=J(0)+x*(-/3(iF 1 )e(l,X + |-r 1 ^)- 

Proof. In this case, both 8 and are units of R* . It follows from the definition of I(/3) that if v(/3) = — 1 
then 

aeO v /{vj) 

The proposition follows from Lemma 14.21 and Lemma 14.31 immediately. 



4.4. Normalization of Eisenstein series. 
Definition 4.6. For • = h or n.h., we put 



□ 



Define the adelic Eisenstein series E* by 

(4.20) E' x (g)=E A (g,^ s )\ s=0 , . = h,n.h. 

We define the holomorphic (resp. nearly holomorphic) Eisenstein series E£ (resp. E£- h -) by 



■E^{ goo ,g s )-Ji 9oo ,i) kE , 



K- h -(r,g f ) 



«2«) K X 

((T,g f ) e 1 + xG(Ajj), 5oo G G(J"<8(q R), gooi = r, i = {i) ae z)- 

Choose N = ~Nfc/Q l (£,'Dfcfjr) m for a sufficiently large integer m so that X)Slt) are invariant by U(N) for 
every v\N, and put if := U(N). Then the section XjS is invariant by Kq(\). 

Proposition 4.7. Let c = (c„) 6 A£ y 6e a finite idele such that c v = 1 at v\p[€SL c D ^ / jr . Let c = ilj^(c). 

Suppose either of the following conditions holds: 

(1) k > 2, 

(2) Z^O, 

(3) X+ — r te/J r |'lA J r an d ' * s spW IC. 

Then E£ G M fc (if o (0) C )- The Q-expansion o/E£ at the cusp (O, c 1 ) has no constant term and is given by 

3G(iV- 1 c- 1 ) + 



E xl(0,c-i) 



/or some finite extension o/0_f( p ) in Z, where 



R 



ueh 



) I s=0 ■ 



PROOF. Let = ® v ^h<j) x ^ s ,v First we claim that for g^ = (g a )aes G G(.F<8>q R), 



(4.21) 



-Mw0 X ,s((.9oc, 



))| s =o= J] M w< s , CT (5 CT )-M w ^ s )( 



s=0 
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Indeed, if k > 2, then (|4.2ip follows from (|4.3p together with the finiteness of L( pC ' (— 1, x+)> while if there 
exists some place v\$, then we find (|4.21[) in view of (|4. immediately. If x+ = t ac/.f| • Ia^- an< ^ ' splits in /C, 
then k = 1 and x is ramified at v\Djc/j^- By (|4.8p . we find that 



)| s =o = I] ^w<W(l)U=o • L^(0,t^ /t ) |c| A ^ , 

u|C[ 



so (|4.2ip follows from the fact that 



This proves the claim. In addition, we have 



Therefore, we derive the g-expansion of from (|4.1 



1 



= since 



is supported in the big cell. 



c 

and (|4~4]) . 

We study the p-integrality of a ( g(E^,c). It is well known that x takes value in a number field. By the 
inspection of formulas in (|4~7)) . (|4~TU|) . (|4~T2"]) , Lemma |4"7TI (|4~T7)l . we find that 



n ^(^,». 

v\poo 



1 



)|.=o e o 



for some finite extension of Ojr ( p y Since \ 1S unramified at p, we have a^(E^, c) = if B £ O ® Z p by (|4.7p . 
Note that u(x*(w„)) = 1 - k and v'(x*(za v )) = if u|p and u' ^ u. Thus if /3 G O ® Z p , then 

I^Hr N^ /Q (^) fc - 1 J] W^ x , s<v , l)U=o 

=N^ /Q (/3) fc - 1 n(i + x*K) + • • • + x*(^r (/9) ) • I^Ir \d?\qI g o. 



■t? I p 



□ 



The following proposition is directly deduced from the construction of the section XjS and the description 
of Hecke action (12.61) . The details are omitted 



Proposition 4.8. Set D<r := f] /C* . Under the assumptions in Prop. \4-7[ we have 

v\<t~D K , T 

(1) is an Ui-eigenform in A4k(Ko(l),0) with the eigenvalue X+ (^l)' 

(2) E*|[r] = x -1 (r)E£ l° r r e Dc ' 

(SJ E*(x n (ta)) = x~Ha)^(x n (t)) for a G D £ A££/„. 



4.5. For er e a and an integer n, let 



27ri d-rv 2iy 



be the Maass-Shimura's differential operator. Put 



S k+2 K „ ° 



■5l +2 o5l and 6 K k 



(res 



K CT (7 



Then the weight raising differential operator V?" in i )4.3.2l is the representation theoretic avatar of S 1 ^"' 7 in 
virtue of the following identity: 



d * (=g^ 



We thus have 
(4.22) 



«^e£ 



i r s (fcx , + rc) 



(-4tt)« reefer) 



E 



n.h. 
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5. Evaluation of Eisenstein series at CM points 

5.1. Period integral. Let £ x := be the p-adic avatar of E^; as in (|2.5D . Let {8{cr)} a&s be the Dwork- 
Katz p-adic differential operators on p-adic modular forms introduced in |Kat781 Cor. (2.6.25)] and let 6 K = 
T[<j£z;(Q( a )) k '' ■ We consider the Hida's measure := tpe K E x attached to the [/[-eigenform # K £ X G V(Kq(V),Z p ) 
as in (|3.2p . Let v be a character on Cl n . We have 



(5.1) f vdip R x = X+{m) n - ]T 9«Z x (x n {t))xv{t). 

°° [t] n eCl„ 

Let (Hoc, O p ) G (C x )^x(Z^) 2; be the complex and p-adic CM periods of (JC,U) introduced in |HT93| (4.4 
a,b) p.211] (cf. (Q,c) in |Kat78l (5.1.46), (5.1.48)]). From |Kat78l (2.4.6), (2.6.8), (2.6.33)] we can deduce the 
following important identity: 

(5-2) ■ g"£ x (* n (t)) = I ' „ ■ (t6(A&) x ). 

Therefore, it follows from (|4~22f and (fSTTTl that 

\fci;+2K; 



/(n -\k2J+2K 
"" x [t] n eci n 



(5.3) 



/ in 7T h 'Fx'(fcZ' + 2k) ^ i^ri.h./ tn)\ /,\ 



Here we choose t G (A^'j) x for a set of representatives [t] n € C7 n (so x(i) = xW)- 

We shall relate (|5.3p to certain period integral of Eisenstein series. First we fix the choices of measures. For 
each finite place v of J 7 , let d x z v be the normalized Haar measure on K, x so that vol(i? x , d x z v ) = 1 and let 
d x t v = d x z v /d x x v be the quotient measure on K. x / J- x . If v is archimedean, let d x t v be the Haar measure 
on K x jT x = C x /R x normalized so that vol(C x /R x , d x t v ) — 1. Let d x t — Y\' v d x t v be a Haar measure 
on A^/A^- and let d x t be the quotient measure of d x t on /C x A^-\Aj£ by the counting measure on JC X . We 
define the period integral of E™- h - by 



l K {E^ } \ V ):= / E^ h \p{t)^) X v{t)d x i. 
Then the last term in (15 .3[) can be expressed as the following period integral 



The rest of this section is devoted to the calculation of ic(E™- h -, v). For brevity, we write cj> v for (f> x , s ,v if v G h 
and for s a in (14.51) if t> = a G a. The first step is to decompose l/c(E^ h ', v) into a product of local 

integrals lx: v (4>v,^), where 

= [ (t) v {p{t)^)xv{t v )d x t v . 
Since p : F X \IC X — > B(T)\G(T) is a bijection, we find that 

l K {E n x h -,v) = f E A {p{t)^\^ x h s ) X v{t)d x t\ s=0 

JK y A*\A* 



/ E ^t(7PW^ (n) )xK^)rf x t| s =o 
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Write E for K, v and F for J- v . In what follows, we suppress v from the notation and proceed to calculate 
the local integral Ie{<Pv, v \ 

5.2. v e S° or v\$$ c . In this case, 4> — /*„,s is the Godement section associated to the Bruhat-Schwartz 
function defined in tj4.3.4l We have 

l E (<j>,v)=[ U( P (t)) X v(t)d x t 
Je x /f x 



X.v{t)\t\ s E d x t / $ v ((0,x)p{t)<;)x+(x)\x\Z d x x 

E x /F x JF X 

Xv{tx) \tx\ s E $^((0, l)p(tx)<;)d x td x x 



E* fpx Jpx 

X v(z)\z\ s E <l> v ((0,l)p(zX)d x z 
=Z(s,xv,®e), 

where is defined by 

$ E (z) :=$ B ((0,l)pWf). 

Suppose v G 5°. By definition, = lo^o*, and hence = Ir,, is the characteristic function of R v . It is 
clear that 

Z(s,xv, $e) = L(s, X v). 

Suppose v\$$ is a split prime. We write E = Few® Fe w and d — —'& w &w + "& w g w with w\^S as in 
Then by definition, 



_ 1 

2 

_J 

As [ { £, i/ = t',,,) is unramified at v. Therefore, 



-0* 
1 



) = <Pw(x)tp m (--—) (z = xe m + ye w ). 



Z{s,X v , $e) = Xw{-2fl w ) / XwVw{x)XwV w {y)<Pw{x)(pw{y) \xy\ s d x xd x y 

J E* 

=Xu;(-2l?t«)2'(s, Xar^uT, ¥%)^( s ) Xto^tui 

By Tate's local functional equation, we have 

Z{s,XwV w ,tpw) = —, 777: — zxr ' Z{1 — s, x w v w ,tp w ). 

e{s,XwVw, VvM 1 - s,Xw Vw ) 

We find that 

Z(s, X v,<^e)\s=q = L(0,xv) ■ L e ■ Cy, 

where 

(5.4) Le - n ^,X,-V,-')-' ^ C, = . 

q|S J«|5 ' ' 

Note that C 5 eZ p x . 

5.3. u is archimedean or v\D/c/f^~ • Note that j/ is trivial on E x if u is inert or ramified because v is a 
character of Gal(/C^o//C). If vl-Djc/jrU, by the very definition of <f> = 4> x ,s,v in (|4.I3II . we find that 

Isfav) = [ U P {t)^v)xv{t)d x t 

J E>< /_F X 



vol(E x /F x ,d x t) 



1 ■■■v\<£- 
L(s, X v) ■■■v\W. 
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If v = erloo and 



kna a is defined in (14.51) . then 

^(<M=/ CtX*) 

J Ex /F x 

= vol(C x /R x ,d x i). 



Imo-(tf) 



) X v(t)d x t 



5.4. u = [. A direct computation shows that 



p(t)4 n) = p(x + y8 t ) 



aid^za™ 



xdjr^w^ax yb\ 



(t = x + y0 l 



We thus find that 

P {t) q [ n) e ftfiw.vio, 

R n ®o Or- Then i? x . 



Let R n .i 
have 



t G J 7 * (1 + ra7™0[Ot). 

■ E x / F x be the quotient map. Thus we 



l E (4>,v) = 



O x (l +rof0A). Let vr : £ x 

^(P(*)d (n) )xf(t)d x < 

} (i)d x i = vol(7r(J£ )t ),d x t). 



'£* /F 

= x+M 

I Ex I Fx 

5.5. Evaluation formula. We summarize our local calculations in the following proposition. 

Proposition 5.1. Suppose that either of the conditions (1-3) in Prop. {J7?\ holds. Then we have the following 
evaluation formula: 

K K T s (kE + K)LW{0, X v) 



1 



C7 



kS+2K 



where r is the number of prime factors of D^/jr. 
Proof. We note that 

J2 El- h -{p{t)^) X v{t) 

[t]»eci„ 



1 



vol(C/„,d x f) 
1 



2 r _LeCg 



vol(t/„,d x t) 



The proposition follows from (j5.3[) immediately. 



□ 



6. NON- VANISHING OF ElSENSTEIN SERIES MODULO p 



6.1. Throughout this section, we retain the assumptions (junr j) . (jordp and (p[, 2?£/jf£) = 1. Let % be a 
Hecke character of A^ x and take (5 to be a split prime q as in Sj4.ll We remark that an auxiliary split 
prime q is introduced to assure the assumption (2) in Prop. 14.71 so the L-value in the evaluation formula 
Prop. ISTT1 has an extra local factor L q = L(l, Xq" 1 ^ 1 ) -1 - However, this is harmless to (NV) property since 
the closed subgroup generated by associated Frobenious Frob q in Gal(/Cf JK) is non-trivial, and hence the set 
\v G | L(l, ^q~ 1 Xd~ 1 ) -1 = (mod m)} is a proper closed subset of 3LJ . 

To establish (NV) property for (x, [), by Hida's non- vanishing criterion of a p-adic measure associated to 
eigenforms (Theorem 13. II) and the evaluation formula of our Eisenstein measure dtp* (Prop. |5~T|) . it suffices to 
show the non-vanishing modulo p of some Fourier coefficient of {Q K £. x ) n = 6 K E^ at some cusp (O, c(a) _1 ). 

Lemma 6.1. Put (E'^) n = Er G 7?. E xlW- Then we have 

{¥l l x ) n = #A alg • E*. 

Proof. It can be shown that A a i g is generated by ramified primes, so 1Z can chosen from elements in 



HdI-Dx; t ^* ' ^ e l emma follows form Prop. 



(2). 
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Remark 6.2. Since £j is the p-adic avatar of (E^:) 71 and #A a i g is a power of 2, from the above lemma and 
the following identity (cf. [HT93I (1.23)]) 

ap(8 K X x ,c) = (3 K a (E h x ,c), 

we conclude that (NV) property for (x, I) holds if the following hypothesis (H') is verified: 

(H') For every u G Oi and a positive integer r, there exist (3 G 0?% and c = c(o) such that (3 = u (mod V) 
and 

a/3(E£,c) ^0(mod m). 

6.2. Let x be the reduction modulo tn of the p-adic avatar of x and let x+ — xIa x ■ Let u ^ ■ A^/J 7 * — » /Up-i 
be the Teichmiiller character regarded as a Hecke character of J- x via geometrically normalized reciprocity 
law. We first treat the case x is not residually self-dual, namely 

X+ ^ T K/J rujjr (mod m). 

The following proposition is due to Hida [Hi d04aj . 

Proposition 6.3 (Hida). Suppose that x is not residually self-dual. Then (NV) holds for (x, I) if for every 
v\€~ there exists r\ v G suc -h that 

(6.1) A Vv (x v )^Q{modm). 

PROOF. We have to verify the hypothesis (H') in Remark 16.21 Given u G 0[ and a positive integer r, we 
extend r/^- = {f] v ) v \^- to an idele r\ = (j) v ) in A^- by taking rj v = 1 for v \ \<tD^/jr or v\$3 c , rji = u and 
r] v = vj- 1 as in P~lT?|) if v\*R'. Let b" := ELc- M q = max{ti„(r),?),(r) - « q (»7„)} and put 



t/ 



| (xqo, x/) G Rf :Q1 x(0® z Z) x | = 1 (mod D Kfr V\>-)\ 



Let c = c(a) and c be the associated idele as in Prop. I4~71 and consider the idele class [ct^ 1 ] := F x cr]~ 1 U in 
A£. For each idele a G O ®z Z in the class [cr; -1 ] such that each local component a v = 1 at v\pD/c/F<£<£ c , we 
can write a = (3cr)~ 1 u for j3 G 0?s and u EU, and from the explicit formula of a l g(E^, c) (Prop. [4771 combined 
with Lemma HIU (|4~7]) . (|4~T0ll and (|4~T2|) ). we find that 



ap(F^,c)=c p - n -r-^r^+W' where 

1 X (^t? ) 



(6.2) C fl =|i?Ha •Njt/qCS)*- 1 • JJx+C8)v%C9) ' l c U ' II X -1 ^) |^^U„ 

By our choices of ij and a, Cp ^ (mod m). 

Suppose that a ( g(E^,c) = (mod m) for all (3 G such that /3 = m (mod T). In particular, for every 

uniformizer w v G [c^ -1 ] at « { pc€€ c Djc/j^, we deduce from f|6.2f) that x*( zu v) = X+ W ^ 1 ( n7 u) = — 1 (mod m) 
Moreover, the argument in [Hid04a, p. 780] shows that x+^jr 1 is a quadratic character of level U and takes 
value —1 on [cr; -1 ]. Moving c = c(a) among prime-to-pC-D^/jp ideals a of R, we conclude that x+^j^ = 
t k/t (mod m), which is a contradiction. □ 

Lemma 6.4. Let v\£~ and w be the place of /C above v. Suppose that pip{xv) = 0. Then there exists r\ v G J 7 * 
such that 

A Vv (xv) ^ 0(mod m). 

Moreover, if v is inert and Xv\jrx = t^ v /jt v , then r\ v can be further chosen so that v(rj v ) = — w(£~). 

PROOF. First we make some observations. Notation is as in ij4.3.6l We let F — J- v and E — 1C V . Let 
w = vj v be a uniformizer of F and = 9 V . Recall that Hpixv) = inf^^x v p (xv(%) — 1), so the assumption 
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(J'piXv) = is equivalent to x\e* ^ 1 (mod m). Since Ap(x) — ^ {tP)Ap(x): it is equivalent to showing the 
lemma for Ap(x)- F° r an integer m and a £ F, we put 



(a) = / x 1 (a + zu m x + 9)dx. 



By (|4.17p . for n £ zu~ m O* and every sufficiently large positive integer M (depending on m) we have 



Thus for each a £ F we hnd that 



A,(x) = / x^ + ^M^. 



^(x)V' (- ? 7a)*7 = / X (x + 0)dx ip° (r](x ~ a))dn 



(6.3) 



/ x _1 (a + ^ m ^ + ^)^- / X _1 (a + ^ m_1 a; + ^)^ 
c m (a) - Cm_i(a). 



Now we prove the first assertion by contradiction. Suppose that A v (x) = (mod m) for all 77 £ F x . 
The equation (|6.3I) implies that for every a £ i 7 ", c m (a) (mod m) is a constant independent of m. Taking a 
sufficiently large mo, we find that c m (a) = c mo (a) = x _1 ( a + 0) (mod m) for every integer m and a £ F. 
On the other hand, it is clear that c m {a) = c m (a') whenever a, a' £ vo m O v , so we conclude that the function 
a M> x~ 1 ( a + 9) (mod m) is the constant function x _1 W 011 F> an d hence x(l + a<?) = 1 (mod m) for all a £ F. 
This implies that Xv = 1 (mod m), which is a contradiction. 

We proceed to prove the second assertion. Suppose that v is inert and Xv\f = t~e/f- Note that in this 
case H P (Xv) = is equivalent to x-«le> x ^ ^ ( moc i m )- L e t 771 = w(C~) > 1. If A n (x) = (mod m) for all 
■q £ zu- m O*, then it follows from ([13]) that 

X _1 (a + 0) = c m (a) = c m _i(0) (mod m) for a £ w m ~ O v . 

Therefore, a h-> x _1 ( a + 0) (mod m) is the constant function x -1 W on l cc m ~ x O v , and hence x(l + a6) = 
1 (mod m) for all a £ m m ~ 1 O v . If m = iu(<£ _ ) > 1, this is impossible, and if m = 1, this contradicts to the 
assumption that xle> x ^ 1 (mod m). □ 

The following corollary is an immediate consequence of Prop. 16.31 and Lemma 16.41 which gives a partial 
generalization of Hida's theorem. 

Corollary 6.5. Suppose that the following conditions hold: 

( L ) Hp(Xv) = for every v\<t~ , 
(N) x * s n °t residually self-dual. 
Then (NV) holds for (x,l). 

6.3. We consider the self-dual case. First we recall the following lemma on local root numbers of self-dual 
characters. 

Lemma 6.6 (Prop. 3.7 [MSOOJ). Let x be a self-dual character, i.e. x|a^ = T K/J r \'\A • Then 

(1) W( X * V ) = ±XS(20). 

(2) ifv is spm, w(xi) = x:m. 

(3) Ifv is inert, W( X * V ) = (-l) a(x ^ +v ^^x* v (^) (c(-R) =P J 1 (2^ C ) J ))- 

_ 1 

Proposition 6.7. Let x be a self-dual character of the global root number W{x*) = +1 (x* = xI'Ia 2 )- 
Suppose that I splits in K, and that there exists rj v £ for each v\<£T such that 
(i) A Vv (xv) ^0{modm), 

ai) w( X * v )t k/ avv) = xtm- 

Then (NV) holds for (x, t). 

Proof. We need to verify the hypothesis (H') in Remark 16.21 Given u £ 0\ and a positive integer r, we 
extend (rj v ) v \£- to an idele 77 = (rj v ) in A^- such that 
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• i]i = u mod F and T] v = 1 for every split prime v ^ I, 

• WixlW/j:^) = x*(2tf) for every u|h. 



By Lemma WM this is possible since [ splits in JC. On the other hand, it is well known that W(x* a ) = i 2K ° +1 = 
X*($) since Xa( z ) = iff ' (f ) K " for a e £ (cf. |Tat79[ p. 13]). From the assumption on the global root number 
W(x*) = Uv W (X* V ) = 1, we deduce that 

This implies that T/c/jr(r]) = 1, so we can write 

^/3N c/J (a),/3eJ + ,aGA^. 

Moreover by the approximation theorem, the idele a can be further chosen so that a = 1 mod p£ r £ N for any 
sufficiently large N. Note that 

w(xI)tk w/ fM = wixlW/Avv) = xim- 

For every sufficiently small e, we have thus constructed f3 e T+ n Of^ye) such that 

• P = u (mod F), 

• |/3-^|^ < e for allu|p££ c , 

• W(x* v )xUP) = Xim for all v e h. 

Here we let e be sufficiently small so that Apfcv) = Aji>(x«) f° r Recall that u(c(i?)) = for -y|p££ c 

by our choice of By Lemma IrJlH (3), we find that v((3) = v(c(R)) (mod 2) for every inert place v j (£~. It 
follows that there exists a fractional a of R such that 

IJ q^ ( « = (/3)c(i?)N^(a)- 1 = (/3)c(a). 

q|C- 

Define c G A F ^ as follows: c v — /3 _1 if w \ pKL£ c , c v = 1 if v|p££ c . Then iC^(c) = c(o) by the choice of (3 and 

' >.a 

at the cusp (O, c _1 ) is given by 



/ 

c(o). From Prop. E3 (@T7]), (|130]) . and (|3~T5Jt . we find that the /3-th Fourier coefficient a /3 (E^, c) of E^ 



1 



)l 



It is clear that the non- vanishing of a ( g(E^, c) (mod m) is equivalent to 

Ap&v) = AiviXv) ^ (mod m) for every v\<£~ . □ 
Now we are ready to prove our main result. 
Theorem 6.8. Suppose that I splits in K,. Let x be a self-dual Hecke character such that 

( L ) Hp(Xv) = for every v\€~ , 

(R) The global root number W(x*) = 1, 

(C) £H is square-free. 

Then (NV) holds for (x,l). 

Proof. It suffices to verify that for each v\£~ there exists T] v 6 J 7 * which satisfies (i) and (ii) in Prop. RTT1 
For u|9t, we take rj v G such that W(xl) = T K/J^( r lv)xt(^)- Note that the assumption (C) implies that 
v\2. By Prop. 03] (3) we find that 

AhOc) =(x;(-2^7 1 ^,) +x:,(2^ 1 ^)^(x:)) -x.c-s- 1 ^ 1 ) 

=(X:W + X*Wk,(-2- 1 d F 1 ) (21? = d^A) 

=2x:(^)x,(-2- 1 rf F 1 ) # (mod m). 
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For v\3, we choose r) v to be as in Lemma T6.41 so A„ v (\ v ) ^ (mod m) and 

v(r h )=w(<r) = a( X l)+v(t(R)). 
It follows from Lemma WM (3) that W{x%) = r AC/ ^(r7 t ,)x*(2i9). □ 

Remark 6.9. We give a few remarks on Theorem 16.81 

(1) The assumption (C) has been removed in view of |Hsil21 Prop. 6.3]. 

(2) Let xi be a self-dual character and v be a finite order character such that v has prime-to-p conductor 
and v = 1 (mod m). As pointed out by the referee, one can prove Theorem 16.81 for \ '■— X\ v i keeping 
(L) and (C) but replacing (R) by the condition (Rm): W(x*) = 1 (mod m), which implies the condition 
(R) for xi- Indeed, as v must have square-free conductor, (C) holds for x\i an d (L) obviously holds 
for xi as well. Thus xi satisfies the hypothese in Theorem 16.81 and for every u £ 0\ and r, we can 
choose f3 G as in the proof of Prop. IBTTl such that a l g(E^ i , c) ^ (mod m). By the condition (L) the 
supports of the conductors of x an d Xi only differ by split primes, we find that a^(E^, c) ^ (mod m). 

(3) From the expression of Ap(x) in (|4.17p . it is not difficult to deduce that if fi p (Xv) > for some place 
v\€~, then Ap(xv) = (mod m) for all (3 e JF* , and hence E^: = (mod m) by g-expansion principle 
(c/. [Hsil2 ( Prop. 6. 2] for the self-dual case). In addition, in the self-dual case, we can deduce from 
|Hsil21 Lemma 6.1] that if W(x*) = -1, then &p(E^, c) = for all (3. It follows that E^| c = 0. 

(4) The assumption that [ splits in K, is only used in Prop. 16.71 to assure the local root number W(x*i) 
for all u G 0\ and r satisfies certain epsilon dichotomy W(x\) T K. l /J : i {Vv) = X*(2$) whenever r/ v = 
u (mod T). This is false for nonsplit t. For example, when [ is inert, this dichotomy holds precisely 
when vi(r/ v ) = vi(c(R)) (mod 2). To treat nonsplit [, it seems that one has to refine Theorem 3.2 in 
[Hid04a] (at least when 1 has degree one over Q). 
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